A set E ⊆ R n is h-straight if E has finite Hausdorff h-measure equal to its Hausdorff h-content, where h : [0, ∞) → [0, ∞) is continuous and non-decreasing with h(0) = 0. Here, if h satisfies the standard doubling condition, then every set of finite Hausdorff h-measure in R n is shown to be a countable union of h-straight sets. This also settles a conjecture of Foran that when h(t) = t s , every set of finite s-measure is a countable union of s-straight sets.
Introduction
In [7] , Foran introduced the notion of an s-straight set, that is, a set whose Hausdorff s-measure and Hausdorff s-content are equal (see Definitions 1 and 2 below). In [1] and [2] , we continued the first analysis of such sets, among other results proving that in R 2 a quarter circle is the countable union of 1-straight sets, verifying a conjecture of Foran. In [3] and [4] , by different detailed arguments we extended that result, proving that in R 2 the graphs of any convex, continuously differentiable, absolutely continuous, or increasing continuous functions, as well as regular sets of finite 1-measure, all consist of such countable unions.
Here we prove the more general result that if a function h satisfies the standard doubling condition (Condition 1), then every set of finite h-measure in R n is a countable union of h-straight sets (Definition 2, Theorem 4, and Theorem 5). This also settles the conjecture of Foran [7] that every set of finite s-measure is a countable union of s-straight sets.
Let d be the standard distance function on R n where n ≥ 1. The diameter of an arbitrary nonempty set U ⊆ R n is defined by |U | = sup{d(x, y) : x, y ∈ U }, with |∅| = 0. Given 0 < δ ≤ ∞, let C 
A set which is the countable union of h-straight sets is called σh-straight. (When h(t) = t s , the terms are s-straight and σs-straight, [1] , [2] .)
In [7] , Foran proves the following theorem for the case of Hausdorff s-measure providing a useful equivalent definition of an s-straight set. We make the easy extension of his proof to h-straight sets.
Theorem 1. Let E ⊆ R n have finite h-measure. Then, E is h-straight if and only if for each
In particular, sets of zero h-measure are h-straight.
Proof. (Based on [7, p. 733].) On the one hand, suppose for each
where the infima are over countable covers
Theorem 2 is proved in [1] , [2] , for s-straight sets using a standard exhaustion argument. The proof of the generalization here to h-straight sets is omitted.
Theorem 2. Let E ⊆ R n have finite h-measure. Then, every H h -measurable subset of positive h-measure of E contains an h-straight set of positive h-measure if and only if E is σh-straight.

Main result
To prepare for the proof of the main result, Theorem 4, we begin with a wellknown definition.
Definition 3 ([5, p. 21]). Let E ⊆ R
n have finite h-measure, and x ∈ E. The upper convex density of E at x is defined to be
where the supremum is over all convex sets S ⊆ R n .
Note that since any set is contained in a convex set of the same diameter, Definition 3 may be interpreted as taking the supremum over all sets S ⊆ R n . We also assume h satisfies the following standard doubling condition. 
Condition 1. For some c <
is a positive decreasing sequence of real numbers such that lim j→∞ ε j = 0. By Theorem 3, for H h -almost all x ∈ E it follows that
So given ε j > 0 there exists a corresponding η j (x) > 0 such that
Then for each S ⊆ R n with x ∈ E ∩ S and 0 < |S| ≤ η j (x) we have
be a positive decreasing sequence of real numbers such that lim j→∞ ρ j = 0. Define
we may further choose ρ j small enough so that given δ sat-
By the definition of A as an intersection, for each j ≥ 0 there is ρ j > 0, so for all S ⊆ R n with 0 < |S| ≤ ρ j we have that A satisfies
Also, A has positive h-measure since
So, A ⊆ E is the desired set.
The argument used in the proof of Theorem 4 below was developed from a suggestion of Preiss [10] for sets of finite s-measure made after reading a preprint of [3] .
Theorem 4. If E ⊆ R n has finite h-measure where h satisfies Condition 1, then there exists B ⊆ E with positive h-measure such that B is h-straight.
be a positive, decreasing sequence of real numbers such that ∞ j=0 ε j < 1. Hence, lim j→∞ ε j = 0. So, by Lemma 1 there exists A ⊆ E with positive h-measure and corresponding ρ j > 0 such that for all S ⊆ R n with 0 < |S| ≤ ρ j we have
For j ≥ 0 replace as needed the ρ j with values r j small enough so that lim j→∞ r j = 0, with both 2r 0 < ρ 0 and 2r j+1 < min (r j , ρ j+1 ) .
By the continuity of h we may also assume the r j small enough so that whenever r j ≤ t ≤ r j−1 , we have
. We may further assume that
by the continuity of h-measure, since 0 < H h (A) ≤ H h (E) < ∞. Now, for each fixed j ≥ 1, let {A j,i } i be a partition of A into (relatively) Borel subsets such that |A j,i | < r j+1 for every i. Then, for j ≥ 1 let B j,i ⊆ A j,i be slightly smaller in measure, satisfying
It then follows for each fixed j ≥ 1 that since the A j,i partition A,
Define B = j≥1 i B j,i . Observe that using the subadditivity of H h , we have 
So, consider all other sets S ⊆ R n such that r j < |S| ≤ r j−1 for some j ≥ 1. Define
So S ⊆ S . By the restrictions on {r k } ∞ k=0 we then have that 0 < |S | ≤ |S| + 2r j+1 < r j−1 + r j < 2r j−1 < ρ j−1 .
Therefore in particular if S ⊆ B it follows that H h (S) = H h (B ∩ S) ≤ h(|S|).
So by Theorem 1, the set B is h-straight with positive h-measure, as desired.
Theorem 5. If E ⊆ R
n has finite h-measure where h satisfies Condition 1, then E is σh-straight.
Proof. Let E ⊆ R
n have finite h-measure, where h is such a function. By Theorem 4, every H h -measurable subset of E of positive h-measure contains an h-straight subset of positive h-measure. By Theorem 2 it then follows that E is σh-straight.
